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Abstract:

Based on Laplace and Sumudu transforms we modified a new
transform , Kamal transforms, which is capable for solving some
ordinary differential equations with variable coefficients,
equations that cannot be solved with Sumudu transform, three
examples were introduced to illustrate the efficiency of Kamal
transform in solving these equations.

Keywords: Kamal transform ;Sumudu transform, Ordinary
Differential Equations, Laplace transform.
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1.Introduction:

Kamal transform [1-4], was developed and derived from Laplace
transform to overcome some difficulties faced Sumudu transform
in solving some differential equations [1]. It has been shown
here how Sumudu transform stuck when applied to some variable
coefficients ordinary differential equations and Kamal transform
succeed to solve them effectively, easily and accurately.

The ordinary differential equations (ODE) with variable
coefficients appear in many areas of applied sciences .examples
of these equations are Euler equation, Bessel equation, Legendre
equation and Laguerre equation. Methods of solving Linear and
nonlinear ODEs with variable coefficient are therefore of
fundamental 1mportance for wunderstanding nature and
interpreting behavior in many phenomena's .Many transforms
were used to solve differential equations [8,9,11], Laplace
transform [5,6],Fourier transform, Sumudu transform [6,7,10],
Elzaki transform [5,14,16], ZZ transform[15,17], Natural
transform [13], and Aboodh transform [5,12,15].These
transforms faced some difficulties in solving ordinary differential
equations with variable coefficients , some transforms can solve
only simple cases in special situations. Ordmary differential
equations have wide range of applications in many areas , in
biology (spread of epidemics), medicine (growth of tambours),
sociology (emigration rates), psychology (learning theories),
economics (option pricing), chemistry (reaction rates), physics
(dynamics of a laser) and engineering (electric circuits). Methods
for solving differential equations are therefore of fundamental
importance for understanding nature and technology. Purpose of
this paper is to solve ordinary differential equations with variable
coefficients which were not solved by Sumudu transform.
Recently Abdelilah Kamal [1-4], introduced a new integral
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transform , named it as Kamal transform.
2. Fundamental Facts of Kamal and Sumudu Transforms:

In this section, we introduce the basic properties of single Kamal
and Sumudu transforms.

2.1. Fundamental Facts of Single Kamal Transform: [1,3]

Definition 2.1. Let f(t) be a function of t specified for
t = 0.Then Kamal transform of f(t), denoted by K[f(t)], is
defined by

0o —t
K[f(t)]= f f(evdt=G(v) t=0 , (1)
0
and the inverse of Kamal transform is given by
1 ctiw ¢
K6 =5 evemdv =@ | ¢
2Tl c—ico

> 0. (2)

Theorem 2.1. (Existence conditions). If f(t) is piecewise
continuous function on the interval [0, c0) and of exponential
order ¥. Then K[f (t)] exists for Re(v) > ¥ and satisfies

If (O] < pe’, (3)
where p is positive constant. Then, the Kamal transform

converges absolutely for Re(v) > 9.

Proof: Using the definition of Kamal transform, we get

cwi=|[ evr@ial< [ eI
0 0

< pfxe_(%_ﬁ)tdt
0

_ i _
= Tan Re(v) = 0.
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Therefore, the Kamal transform converges absolutely for
Re(v) = 0.

2.2. Kamal Transform of the Some Functions:

In this section we find Kamal transform of simple functions. For
any function f(t), we assume that the integral Eq. (1) exist. The
sufficient conditions for the existence of Kamal transform are
that f(t) for t = 0 be piecewise continuous and of exponential
order, otherwise Kamal transform may or may not exist.

1. Let f(t)=1, t > 0 .Then:
t 0]
v _E e_E
K[1] = f e v[1]dt = — 1 =, Re(v) = 0.
° E =0
il. Let f(t)=1t ,t > 0. Then:
¢
K|[t] :f e v[t]dt
0
Using integration by part , we have
ty @ t 2
(1= [ e v R
Ktzfevtdtz — —f dt = —
0 1 o 1 1

v /o v Ve l—o

= p?2.

In the general case if n = 0 is integer number, then.
K[t"] = nlv™L
iii. Let f(t) = ef* ,t > 0 and g is constant. Then:
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1 el
zot zo e_(v_ﬁ)t
K[eﬁt] :f e ”[eﬁt]dt :f e (u ‘B’)tdt S
0 0 = —,f_?
v t=0
v
1—vf
Similarly,
. v
K ift] — .
[e ] 1—ivp
Using the property of complex analysis, we have:
.2
. v — v
k] = 2P
Using Euler’s formulas: sinx = ew: — cosx = GIXJ;E —
and the formulas: sinhx =2 —°— _coshx = e*+e*

Therefore, we conclude the following:

Klsin(60)) = 7,5

Klcos(80)] = 232,
K[sinh (Bt)] = 232,

K[cosh(ft)] = YTy

Where Im(f) < Re(u}.
2.3. Some important theorems of Kamal Transform:

Theorem 2.2. (Shifting Property): Let f(t) be a continuous
function and K[f (t)] = G(v).Then:

kleFro] =6 (%) (4)
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Proof:

klePer@)] = e lePr@lde = [P G P pear
1-vfp

_ f:e‘( v )ftfcr}ldtzﬁQ 2U-vﬁ)'

Theorem 2.3. (Periodic Function): Let K[f(t)] exists, where
f (t) periodic function of period £ such that:

ft+p) =1, vt

Then:
Jy e vIf(D)]at

(-

Proof: Using the definition of Kamal transform, we get:

KIF@1= [ evlrnar. ©)

0

K[f (O] = (5)

Using the property of improper integral, Eq.(6) can be written as:
Pt ©

K@= [ eslroae+ [ estrmla. %

0 p

Putting t = 8 + 1 on the second integral in Eq.(7). We obtain

Pt
G(v) = j; e u[f (6))dt
* _Btt
+f e v [f(B+71)ldr. (8)

Using the periodicity of the function f(t), Eq.(8) can be written
by:

oo

Pt B [* =z
G(v}z"; e v[f(t)]ldt +e UJ; e v[f(r)]dr. (9)
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Using the definition of Kamal transform, we get:
P _t _B
G(v) = f e v[f(t)]dt +e vG(v). (10)
0

Thus, Eq.(10) can be simplified into:
1 Pt
G(v) = VR AN (f e v[f(t)]dt).
(-

Theorem 2.4. (Heaviside Function): Let K[f(t)] exists and
K[f(t)] = G(v), then:

K[f(t—e)H(t—¢)] = e »G(v). (11)

where H(t — ¢) is the Heaviside unit step function defined as:
(1 ,t>e¢,

H(t—¢) = {D , Otherwise.

Proof: Using the definition of Kamal transform, we get:

K[f(t—&)H(t— )] = J'we_%[f(t — &)H(t— &)]dt

0
= f Je_%[f(t—s}]dt. (12)
0

Putting t — & = 7 in Eq.(12). We obtain
K[f(t—e)H(t— ¢)]

= J’we_lif[f(r}]dr. (13)

Thus, Eq.(13) can be simplified into:

£

K[f(t—e)H(t—¢9)] = e_FJ’we_%[f(I)]dI
0

= e_%G(v}. (14)
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Theorem 2.5.(Convolution Theorem): Let  K[f(t)] and
K[w(t)]existand K[f(t)] = G(v), K[w(t)] = W(v), then:
K[f »w(®)] = c()W(v), (15)
where f*w(t) = f;f(r}w(t —T1)dt and the symbol =
denotes the single convolution with respect to .

Proof: Using the definition of Kamal transform, we get:

KT - wo) = [ 7ol » wioldt

0
:j};% U FOW(E—1) dr]dt. (16)
0 0

Using the Heaviside unit step function, Eq.(16) can be written as

KIf =w)] = [ () e s F(O)W(t — 1) H(t — )dr)dt. (17)
Thus, Eq.(17) can be written as

o t

K[f »w(t)] = J:f(r}dr -J; e vw(t — 1) H(t —1)dt

Theorem 2.6.(Derivatives Properties): Let G(v) is the Kamal
transform of f(t) then:

) K[f'(D] = =G(v) - £(0).
.. 1
if) K[f"()] = G(v) — > £(0) — £(0).

i) K[f ()] = v () - ZrogeF B (0).

N|r—h§:|

Proof: 1) By the definition of Kamal transform, we have:

KIF(O] = [ F/(De dt. (18)
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Integrating by parts, Eq. (18) can be written as
KIf'(0] == G(w) — £(0). (19)
i) 0K [F(0] = [ (e dt

Integrating by parts, we get
KIf"()]=v26w) — v f (0) - f'(0)

ii1) Can be proof by mathematical induction .
Theorem 2.7. Let G (v)is Kamal transform of f(t)then :
d
2) K[tf (D] = v° < (6(v)

b) K[tf'(O] = v2 5 [L6 () — f(0)]
o) KItf" (0] = v? £ [56(w) - 2 £(0) - £(0)]
d) K2 (D] = v*- (6) + 20° 2 (G(v))
KIE (O] = v (26 - F0) + 20° 5 (26w -

5 £(0)

K[ F" (0] = v* o (% G(v) —~f(0) - f’(o}) +
203 L (L6 -27(0) - ()

f)
Proof :1) By the definition , we have:
co —t
G(v) = f(t)ev dt
0

Differentiate two sides with respect to v :
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0 —t

d o 0[Pt
@ =3[ evrea (20)

And ,

6' W)= 72 (&%) fordt =5 [P evif ()dt =
ZKIF0 D)
Thus ,

K[tf ()] = v2 = (6(v)). (22)

To prove (ii) and (iii) , put f (t) = f'(t)and f (t) = f"(t)
respectively in Eq.(22) .

iv) By differentiating Eq.(20) with respect to v, we get:

d O (L7
G O) —5[1?—20; e tf (1) t)}

And,
p 1 [=t? =t i —t
G (U} — FJ; Ff(t}e v dt — F . tf(t)e v dt
Thus ,
KIF O] = v 2 6) + 203 2 (6 (). (23)

To prove (v )and (vi),put f(t)=f"(t)and f (t)=fF"(t)
respectively in Eq.(23) .

The previous results of Kamal transform to some basic

functions, some theorems and basic derivatives are summed up in
the Table below:

[fzozs il 1447 /'m@/<63)wr][ A bl o T s ol ]




Table 1:
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Kamal transform to some basic functions.

f® K[f(t)] = 6(v)
1 v
t v?
th Brvf+t
eft v
1—vp
sin(pt) v2p
1— UZ,{;E
cos(ft) v
1— UZ,{;E
sinh(St) v2p
1+ v?p?
cosh(ft) v
1+ v2p?
Jo () v
V1 + v?
ePir (1) 6 ()
1—vp
f(t_E}H(t_E} e_%G('L?)
(f »w)(t) G(v)W(v)
v 2G(v) = f(0)
.fffft'} 1
h v 2G(v) ~ ~£(0) - f'(0)

1
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:f?’l}.r';} —
] v Gw) — ) vk FE(0)
d
tf (t) v? ——(G(v)
; d i
tf'(t) 'UZE[EG('U) — f(U)]
tf"(t) 2 L[ ey ] '
2 S 6wy £ - 7]
2 d? d
t°f () v —— (G(W) + 2v° —(G())
e2f@ |, d ( ) ’ (
v ——(=GW) —f(0) )|+ 2v3—|—G(v) 1
7 dv
() @
v E( G(L?)——f(U) f(U})

d

d
+ 2v —( G(v)——f([])—

2.4. Fundamental Facts of single Sumudu transform: [5,6]

Definition 2.2.

Let f(t) be a function of t specified for

t = 0.Then Sumudu transform of f(t), denoted by S[f(t)], is

defined by

SIFO1=2[2f(Devdt =Fw)  t=0 (24)

and the inverse of Sumudu transform is given by
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t

STHF(w)] = iJ’Cﬂ.xE—E1'7(1.',)1:1.’1,15 =f(t) ,t
2mi ) ;0o U ’
> 0. (25)

Theorem 2.1. (Existence conditions). If f(t) is piecewise
continuous function on the interval [0,c0) and of exponential
order 9. Then S[f(t)] exists for Re(v) > ¥ and satisfies

If (D] < Ke™, (26)

where K is positive constant. Then, the Sumudu transform

converges absolutely for Re(u) > 0.
Proof:

Using the definition of Sumudu transform, we get

1" _t 1 _t
F ()l = H eulf@)de] < [ e Tulr ol
0 0

< fole_&_ﬁ)tdt
0 U

S E L Re(Y) s

o 1-9u’ ;

Therefore, the Sumudu transform converges absolutely for
Re () > 9.

1L
2.5. Sumudu Transform of the Some Functions:

In this section we find Sumudu transform of simple functions.
For any function f (t), we assume that the integral Eq. (24) exist.
The sufficient conditions for the existence of Sumudu transform
are that f(t) for t =0 be piecewise continuous and of
exponential order, otherwise Sumudu transform may or may not
exist.
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1. Let f(t)=1, t > 0.Then:
_t”
1 (w _t le u
SMl=—1 e ullldt = ——— =1
ST oulJdy u 1 |
u le—p
1. Let f(t)=1t ,t > 0. Then:
1 r* _t
S[t]z—f e u[t]dt.
UJg

Using integration by part , we have

S[t] = %Jme_%[t]dt
0

_E\ 7 _t _t
1 e u 1% e u le u
ul 1 _ﬂo 1 g 1
u 7o u u? o
== U.

In the general case if n = 0 is integer number, then.
S[t"] = nlu™.
iii. Let f(t) = eft ,t > 0and f is constant. Then:

1 % _t 1 r*® _yt_
Sleft] = —f e ulePt]dt = —f e = ﬁ)tdt
ulJg uJp

1e-GB) ) 1

u 1 C1—upf
u t=0

Similarly,

. 1
s[ei] =

1—iuf

Using the property of complex analysis, we have:
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K[eiﬁf] 1+ iup
1+ u2p?
. . eix—e —ix oy o—lx
Using Euler’s formulas: sinx =— cosx =—
1
. ef—g—* eXf+e—%
and the formulas: sinhx = 5 ,cosh x = 5

Therefore, we conclude the following:

1+u?p?
Fleos(fH)] —
A0S\ = [ape
Klsinh(8H) = —*£
LD].].lll 1\’_] I..v}_' 1_u232’
1
K[cosh(ft)] = Ty

Where Im(f) < Re G)

2.6. Some important theorems of Sumudu Transform:

Theorem 2.8. (Shifting Property): Let f(t) be a continuous
function and S[f(t)] = F(u).Then:

sleftr] =6 (1_‘13). 27)
Proof:

1 roo _£ 1 ~w _(i_
SlePrf] == J;, e ulef f(]at == e G)tr oae
e pwa= o ()
Theorem 2.9. (Periodic Function): Let S[f(t)] exists, where
f (t) periodic function of period f such that:

ft+p)=f@,vt.

Then:
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SIF®]

L e eugoylar

= 5 . (28)
o)
Proof:
Using the definition of Sumudu transform, we get:
1% _t
st =, | elrolar. (29)
0

Using the property of improper integral, Eq.(29) can be written
as:

strel =+ [

0

p t
e u[f(D)]dt

w

1" _t
+—f e u[f(t)]dt. (30)
u [
Putting t = f + 1 on the second integral in Eq.(30). We obtain
1P _t
Fao = | eTulp(oar
uJo
1* _B+r
+EJ’ e u [f(B+1)]dr. (31)
n

Using the periodicity of the function f(t), Eq.(31) can be
written by:

1(p _t
F(u) = - a[f (£)]d
W ufoe [f (D)dt
+e_%(%"; e_TE[f(r)]dI). (32)

Using the definition of Sumudu transform, we get:

[fzozs il 1447 /'m@/<63)wr][ A bl o T s ol ]




d. Abdalilah Kamal Hassan Sedeeg

p

F(u) = %J; e_%[f(t}]dt + e_%F(u). (33)

Thus, Eq.(33) can be simplified into:

1 1P _t
F =—)\— ulf(t)]dt ).
W (1_6%)(ufoe [ (®)] )

Theorem 2.10. (Heaviside Function): Let S[f(t)] exists and
S[f()] = F(u), then:

S[f(t —e)H(t — £)] = e vF(u). (34)

where H(t — €) 1s the Heaviside unit step function defined as:
1,t>=¢,

H(t—e¢) = {0 ., Otherwise.

Proof:

Using the definition of Sumudu transform, we get:

Slf(t—e)H(t —&)] = %J’we_%[f(t — &)H(t — &)]dt
0
1 oo

= EJ;Je_E[f(t
— e)dt. (35)

Putting t — £ = 7 in Eq.(35). We obtain
SIF(t — £)H(t — €)]
T+&

= %Jje_T[f(r)]dr. (36)
Thus, Eq.(36) can be simplified into:
Slf(t—e)H(t —&)] = 18_5". G_E[f(”f)]d”f = e_EF(u}.
u 0
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Theorem 2.11.(Convolution Theorem): Let S[f(t)] and
S[w(t)] existand S[f(t)] = F(u), S[w(t)] = W (u), then:
S[f =w(t)] = uF(w)W (u). (37)

where frw(t) = f;f(r)w(t —17)dt and the symbol *

denotes the single convolution with respect to .
Proof: Using the definition of Sumudu transform, we get:

1 r* _t
KIf = w(t)] = - f e alf ~ w(D)]dt
0
1

. _Fe—ﬁ U’tf(r}w(t ~17) dr‘ dt. (38)
0 0

u

Using the Heaviside unit step function, Eq.(38) can be written as
1 r>o w -t

KIf »w(®)] == [7(J; e Tsf (w(t — ) H(t — D)dr) dt. (39)

Thus, Eq.(39) can be written as

o t

1r* _t
K[f*W(t)]:EL f(r}dr-J; e uw(t —T)H(t —1)dt

0

Theorem 2.12.(Derivatives Properties): Let F(u) is the Sumudu
transform of f(t) then:

i SIF@®]= L F@) —f(0).

‘s " 1 1 1.,

i, ST = S F@ — £ (0) ——f(0).

1 _ .2 d [F(w)-f(0)

i, Sief' (0] = u? = [

iv. SIHF" (O] = u2 & [FGO—f(0)—f1(0)] ‘o [FG- f[O)—fr(O)L
L= R | du,l. 12 ] [ 2 |

[rzozs il 1447 /'m@/<63)wr][ A bl o T s ol ]



d. Abdalilah Kamal Hassan Sedeeg

Il o d? F(“—)_fto)_ff(o)
Sie2f (] = ut=—( L) +

(¥
d fF(u)—r(0)—rr0 F(w)—f(0)—f1(0
. 4‘“35( fu_z f1( )) N Zuz( fuz f1( ))_
3.Methodology

In this part we interduce the general methodology for applying
the Kamal and Sumudu transforms to solve the ordinary
differential equations defined in this section:

o Apply Sumudu transform to the main equation.

o Solve the algebraic equation resulting from the effect of
Sumudu transform on the main equation.

. Obtain the final solution using the inverse Sumudu
transform method.

o Apply Kamal transform to the main equation.

o Solve the algebraic equation resulting from the effect of
Kamal transform on the main equation.

o Obtain the final solution using the inverse Kamal
transform method.

o Finally, we compare the solutions.

4.Applications:

In this section, we introduce three interesting examples of
ODEs and to solve them by the current method.
Example 4.1:

Let's consider the following ordinary differential equation :

t2y" + 4ty’ + 2y = 12t%, y'(0) = y(0) = 0. (40)

Use Sumudu transform :
Sumudu transform to Eq.(40) is:
W?F"(u) + 4uF'"(u) + 2F (u) = 24u?
Which is the same Eq. (40), this means that Sumudu transform
cannot solve this equation.
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Use Kamal transform :
Applying Kamal transform to both sides of Eq.(40)
K[t?y" +4ty" + 2y] = K[12t?].
(41)
Using the differential property of Kamal transform , Eq.(41) can
be written as:

az /1 1
[v“m (—ZK(y} — (0 - y’(U))

v

,d 1 1 f
+2v —(—K(y} -5y -y (0})} +

dv \v?
(4-v2i '/_1 K(y) — y([]}“ + 2K (y) = 24v3
" J§

Now , applying the initial conditions , we get
{v?K"(y) — 2vK'(y) + 2K(y)} + 4vK'(y) — 4K (y) + 2K(¥)

= 24v°
And ,v2K" (y) + 2vK'(y) = 2403
or
i(vzf{’(y)) = 2473
dv ’
And,
1
K'(y) = F(J’ 24v3 dv + cl).
Thus ,
K(y) = 21734—%—0— Co. (42)

Now , applying inverse Kamal transform to Eq.(42) , then the
solution of Eq.(40) is:

y(t) = K1 [2-;;3 +%+62] =t2 , where ¢ = ¢, = 0.
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Example 4.2:
Let's consider the following ordinary differential equation :
t2y"" + 6ty + 6y = 60t ,
y"'(0) = y"(0) = y(0) = 0. (43)

i

Use Sumudu transform :

Sumudu transform to Eq.(43) is:

u?F"(u) + 4uF'(u) + 2F (u) = 120u°.

Which is the same Eq. (40), this means that Sumudu transform
cannot solve this equation.

Use Kamal transform :
Applying Kamal transform to both sides of Eq.(43)
K[t?2y" + 6ty" + 6y' =] = K[60t%]. (44)
Using the differential property of Kamal transform and applying
the initial conditions , Eq.(44) can be written as:

{'UZK”(}’) —4vK'(y) + SK(J’}} + {6'”‘({!(3’) - 11—?21{(3!}}

6 3
—i—;f{(y) = 120v°,
And, vZK"(y) + 2vK'(y) = 120v*

or
d
—(v2K'(v)) = 120v%,
dv
And,
1

K'(y) = v_z(f 120v*dv + cl).
Thus ,

K(y) = 6v*+ % + ¢y (45)

Now , applying inverse Kamal transform to Eq.(45) , then the
solution of Eq.(43) is:
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y(t) =K1 [61?4-!— % "‘Cz] =t3 , where ¢, = ¢, = 0.
Example 4.3:

Let's consider the following ordinary differential equation :
t’y" —6y' =0 , y"'(0)= y"(0) = y(0) = 0. (45)

Use Sumudu transform :

Sumudu transform to Eq.(45) is:

wW?F"(u) —2uF'(u) —4F (u) = 0.

As we previously showed in equation (40) , this equation also
can not be solved by Sumudu.

Use Kamal transform :
Applying Kamal transform to both sides of Eq.(45)
K[t?y" — 6y =] = 0. (46)

Using the differential property of Kamal transform and applying
the initial conditions , Eq.(46) can be written as:

2 qrrr ! 6 6
02K () — 40K’ 0) + KO} -~ K () =0,

s
o) _ 2 , afterintegration
K'(vy) v

Thus, after simplifying, we have

from both sides, so we have :
InK'(y)=4lnv+InC , K (y)=cv*

and hence K(y) = gvs’ +C; . If ¢, =0 . Thus ,
K(y) = ng’ . By using the inverse of Kamal transform well
have :

_C
y(x) = mt .
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5.Conclusion:

In this paper, Kamal Transform was introduced and applied to
ordinary differential equations with variable coefficients
llustration showed that the presented equations was not solved
by Sumudu transform and solved by Kamal transform. One can
conclude that Kamal transform is a very effective method for
solving ordinary differential equations with variable coefficients ,
compared with Sumudu transform. In a large domain the accurate
convergence of Kamal transform will be discussed in the coming
research.
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